
-Lecture4 : Applications
,
of correlation functions ⑪

Recap : Bp(p ,+) = p + Bu(T)p2+ By(t)p3 +....
Virial expansion, Mayer expansion, cluster expansion.

We find also expansion of the free energy :

& = p[log(p13)-1] + By(t)p2 + =By(t)p3 +....

Approximate resummation of virial expansion gives
the Carnahan-Starling (CS) equation of state

&
· Virial coefficients not easy to compute at high order
(slowly converging) ,

sometimes ill-defined (e .g . Coulomb)
=>) Correlation functions . radial distribution

p() =[ii] function
"conditional

g(ri) =<[,) Cr-Fj)] &probability"
ijj=

-

Translational invariant + isotropic -> p(ii) = & g((v- 1)
E

.g atoms in first coordination shell : n(r) =49g()
n) first coordinate shell) = 12 (liquid and solid 1)

Tutorials : g(rip.T) = e-Bv(r) + O(p) (gas is just Boltzmann
weight t (

In this week tatorials : w(r) = -EBTlogg(r)
=-- potential of mean force



Claim : if we know girl > entire thermodynamics . ③
· Galoric route to thermodynamics.

Consider internal
energy of the system, for pair-wise additive

interactions.

U= (H) =[
=NkT+(I dj)(l)
-

equipartition

-NkT+Eddip()w((-).

↳geneusisotropistt
· Virial route to thermodynamics
Virial theorem from classical mechanics(see Problem 2.

5)
:

p =phbT-
=plsT-tfdfd()(

For homogeneous and isotropic system :

#Todgir).) if g . c pa
Note : no ensemble specified ? Only valid for pair potentials-

~ else higher order correlation functions needed.



⑭
Remarks:We restricted only to pair-wise additive potential .
-

However
,
the scheme is easily extended to the

addition of three-body , four-body etc
potentials. The downside is that we then need

knowledge of higher-order correlation functions.
Implicitly we worked in comonical ensemble , but can bego if
· Compressibility route to thermodynamics. = ↑

Valid for arbitrary(*) .
Mosteasily derived ingrand -canonical enserable. Some notation :

Tra ( ... )=Nd(d ..
E (m , VT) = TraPte-PCH-MN)]

In (p ***; N = Xe-BCHUN
Note that Tryfi = 1

and
< ... ) = Tra [f ( .... )] Grand-canonical ensemble

average.
Note in grand-canonical ensemble :

Sdip() =(dr(y(r)) =<N] .

Sd=fdrp() =(drfd(i)) = <N2) -<N
At this point it is useful to introduce the correlation function:



⑮
Density-density correlation function :

6(i) <Sp()S))=(i) - (p)) ·

Note that : G(: ) = p'(i) -p(i)p() +p(t)5(- ) .
With this property it is straightforward to show that :

Sdrfd= (iv) = <N)- <N·

We want to relate number fluctuations to measurable

guantities . Let GeIN

<NO = Tra (fuN)= Tra[Ne-BCH-uN
series uniform convergent

-TPl
-T

=out
E

The number fluctuations are therefore:

<N-(N3:T

- penlutulutr
(Recall : db = -SAT-pdY-NdM) .



⑧
Using that =

M
[N2)-(N)2 = EyT(N)+

E

So we conclude thatwith
For homogenous isotropic systems :

Sdfd"6(1) = VSdrG(r)
Il

[N23- [N]
2

Hence
,
we obtain the so-called compressibility sun rule :

G(ul= prTu+ Exact result for any(*)

usof radialdistributionfunctio
a



⑰
The structure factor
For homogeneous system : G(i)

=G(-)

We introduce the Fourier transform :

Ch =JaGluje-iot ; Gl=let
When system is also isotropic : G(-) =G(Ir-)

= T(E) = E(k) .

We define the static structurefactor as E(h) = ps(h)
Note that in terms of g(u) :

S(h) = 1 + g(dre- ihr [g() - 11 + (2+)((h) .

k+0Drilimptn)
The static structurefactor can be obtained from
scattering experiments· I(t) o S(q)

momentum~Q
A

transferred.

Next Lecture.

Tutorial : 42 .4)
,
2. 5



⑱
Static structure factor via X-ray scattering.

Rin

incident plane wave~g scattered

=
detector

wave

Scattered wave has amplitude at detector :
ittin: +out : (p-vi)]

tatomicscattering e (first Born approximation)

from scattering from an atom at position i to detectoratd.
Assumption : detector for from scattering center of the cell .
=>ger-f(k) atomic scattering factor .

Hence scattered wave : (h)intra-it
tin

t t = tout-hin (momentum transfer).
Elastic scattering : (Tout) : Itin/

It Bit-2tin · Fout + thir

= altin/-2/tink cost= Izhin/C-cost]
Recall : sintE= = 2/tin sin

=> sin



⑲

Total scattered wave: f(h)tue-i fixed configurationas
of scattering

amplitude. centres

I(E) = observed intensity at theobserver
-Sensemble

#wever :It
average.

=+et(j)=ij

i
= S(h)

Hence we conclude that : Ilt)OS(h) ·
FT's are unique : inversion gives g(r).
Properties of static structure factor : 2.Schhidealsa

& first peal of SCh) is at

Kmax (first recipra
vector of
solid)


